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ABSTRACT
An exact solution of dual series equations involving heat polynomials P,...~ (x, t)
is given. Dual series equations involving generalized Laguerre polynomials considered
by Lowndes, Srivastava, and Panda are shown to be special cases of the equations
considered in the present paper. The solution derived here for the Laguerre case is
different from those obtained by the previous authors. Values of the series on the
intervals where these are not already specified are given. An exact solution of the
associated dual sequence equations is also given. Certain integral and series re-
presentations for p ...~ (x, t) and W.... (x, t) are derived which are needed in the
present analysis.
1. INTRODUOTION
Dual series equations involving orthogonal polynomials have been
considered by many authors (see, for example [4], [5], [7]). Using a
generalization of multiplying factor technique of Lowndes [4], Srivastava
[7] solved dual series equations involving two different Laguerre poly-
nomials. A mild generalization of Srivastava's result is contained in a
recent paper of Panda [5].
In the present paper we consider the following dual series equations:
(1) 00 An t-
n enI F(! ) Pn+p,v(x, -t)=j(x, t), O<,x<y
.. -0 '1'+ +n+p
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(2)
where !(x, t) and g(x, t) are prescribed functions for t;»e> 0 and An is
to be determined, and Pn.,,(x, t) is the heat polynomial [3] defined by
(3) P (x t) = ~ 22k (n) r(v+ !+n) X2n-2k tk v> 0
n,'" 1;:-0 k r(v+!+n-k) ,
We shall also be concerned with solution of the following dual sequence
equations
00
(4) an= J x2cu(x, -t)Wn,l(x,t)xUdx, n=O,I,2, ... ,N
o
00
(5) bn= J u(x, -t)Wn," (x, t)xI" dx, n=N+1, N +2, ...
o
where an and b« are given (assumed small enough) and u(x, -t) is to be
determined, and Wn.II(X, t) is the Appell transform of Pn,,,(x, - t) defined
by
(7) G.,,(x, t)=(2t)-"-1 exp (-x2/4t).
It may be noted that Pn,o(X, t) = V2n(X, t), the ordinary heat polynomial
of even order defined in [6] and that Pn,o(X, -1) = ( -1)n 22nn! £;;1 (x2/4) =
=H2n(x /2), the Hermite polynomial of even order defined in [1].
In the next section we derive two differentiation formulae and certain
integral and series representations for Pn.,,(x, - t) and Wn•.,,(x, t). In
section 3 we obtain solution of dual series equations (1) and (2), and
point out some interesting special cases. In section 4 we obtain values
of the series on the intervals over which they are not already specified.
Section 5 is devoted to the solution of dual sequence equations (4) and (5).
The analysis is purely formal and no attempt is made to supply details
of rigour.
2. CERTAIN INTEGRAL AND SERIES REPRESENTATIONS
The heat polynomial Pn.,,(x, t) is related to the generalized Laguerre
polynomial by
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Using the orthogonality relation for .u:')(x) it can easily be verified that
for t>O,
00
(9) J Wm,v (z, t) Pn,v(x, - t)d.Q(x) = ~m,n/kn,
o
where
and
(11) kn=F(v+!)/[24n n! F(v+!+n)].
Now, using the formula (27) of [1, p. 190] in the form
(12) (~)m {x<-+m L!",+m (x)} = F(<X+m+n+ 1) xC< L!"') (x)
~ n n<X+n+l) n
and the relation (8) we obtain atones that
(13) ( d )m {...9M+llm-l P ( )}_ F(v+!+m+nL20_1 P ( )dx2 ;JJ n,Jl+m x, -t - F(v+!+n) ;L-- n,v x, -t
The relation [5, p. 126]
(14) e-zL~"'} (X)=(_l)m(~)m {e-xL~"'-m) (x)), n>O
together with (8) yields
(15) (-4t)m (d:2)m {e-<zll/4t) Pn,v(x, _t)}=e-<zll/4t) Pn,v(x, -t).
Now we derive a few fractional integral type representations for
Pn,v(x, -t) and Wn,v(x, t). Using the definition of Beta function and
integrating the series for Pn,v(x, - t) term by term with respect to x it
can easily be seen that
(16)
P p(~ _t)=2~-2Io-2/1+1 F({3+v+!+n) •
n,v+ , F({3)F(v+!+n)
eJ x2P (~_x2)/I-l Pn,v(x, -t)dx ({3>0, v> -i).
o
(17)
Using the following form of the Beta function formula
7v-ot - . (V_(1)ot-l'-l dv= F().-/l)F(/l+s) (1-.-1'
a F()'+s)
where).> /l and s+/l > 0, and integrating the series for Pn,v(x, - t) term
by term with respect to t we get
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(18) l
OCIS t-fl-I-'-l (t - (1)1-'-.-1 P n,,,(X, - t)dt
a= r(p,-V)r(V+!+n) <1-(.+I+fl) P (X -(1) iu >»> _~)
r(p,+!+n) n.,.,." r: "2"
Expressing P n.v(x, - t) in terms of generalized Laguerre polynomial by
means of (8) and using the formula [2, p. 405]
00
(19) S e-X(x-~)fJ-IL~") (x)dx=r(fJ)e-~ L~"-fJ) m, (IX+I>fJ>O)
~
it can be proved that
t- fJ 00(20) P n.v- {1 (~, _t)=21- 2fJ r(fJ) e(~I") f X(X2_~)fJ-l e-(zZ!4t) Pn,v(x, -t)dx,
(v+!>fJ>O)
Therefore, in view of (6) we also have
(21)
Now we derive certain series representations for P n.v(x, t) and Wn.v(x, t).
Using the generating relation [3]
(22)
(23)
and the relation
(1- 4zt) -·-1 ex2Z! (1- 4zt) = (1- 4zt)-(.-I-') (1- 4zt)-l-1-' ex!Z!(l-4zt)
it follows atonce that
r(n+ I) fl r(v-p,+n-k)(4t)n-k
Pn.v(x,t)= r(V-p,)k~ r(n-k+I)r(k+I) pk.,.,.(x,t)
Equation (23) can be inverted to get
21-1-' x2P t-2k G,.,.(x, t) Pk.p(x, - t)
(24) 00 r(v-p,+n-k)F(p,+!+k) (_t)n-kfl~ F(v-p,)F(n-k+ I)r(v+!+n) T .
. 21- . x'J. t-2n Gv(x, t) P n," (x, - t) (2p,> v)
Equation (24) follows from (23) since they each are equivalent to
00S 21-1-' x2P t-2k G,.,.(x, t) Pk.,.,.(x, -t) Pn.v(X, -t)dx
o
= F(v-p,+n-k)F(p,+!+k) (_t)n-k 4n+k n!
F(v-p,)r(n-k+ I)
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Next, an application of the relation (6) to (23) and (24) leads to the
following representations for Wn,,,(x, t) .
(25)
and
W ( t)= I F(n+ 1) F(v-/l+n-k) G.(x, t)( _t/4)k-n W (x t)
n," x, 10-0 F(v-/l) F(n-k+ 1) F(k+ 1) GfJ(x, t) k,p.,
(26) 2i-fJ x2" Wk,p. (x, t)
I F(v-/l+n-k)F(/l+l+k) (_t)n-k 2i-. x'b Wn ,,(x t) (2 )
,,-10 F(v-/l)F(n-k+ I)F(v+1+n) 4 ,,/l>v
3. SOLUTION OF DUAL SERIES EQUATIONS
Multiplying equation (1) by t-(p+m+fJ+i)(t - IX )fJ+m......-l, where m is a positive
integer, integrating with respect to t from e to 00 and using (18), we get
(27)
(28)
where /l+m>v> -1 and
.+i 00F(~, e)= e J t-(p+m+fJ+i) (t-e)fJ+m - . - 1 t(~, t)dt
F(/l+m-v) Q
Further, setting t=e in (2), multiplying it by x(x2_~)a-fJ-le-z2/4, inte-
grating with respect to x from ~ to 00 and applying (20) we obtain
(29)
(30)
where a »]»> -1 and
e(~"/4fl) 00 s
G(~, e) = 21- 2(a- fJ ) e-(a-fJ) J x(x2 - ~)a-fJ-l e-(X /4fl) g(x, e)dx.
F(a-/l) E
Now, multiplying (27) by ~2(fJ+m)-1 and applying the operator (d/d~)m
we see, in view of (13), that
(31)
where
The left hand sides of (31) and (29) are now identical and an application
of the orthogonality relation (9) yields the solution of the pair (1) and (2)
in the form
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(33)
1
r(/-l+!) [1/
A n= 24(n+p) (n+p)! ! Wn+p'Jl{~,e)J(~,e)d.Q(~)
+ ! Wn+p'Jl (~, e) G(e, e) d.Q(~)J
where J(e, e) and G(~, e) are the same as defined by (32) and (30) re-
spectively, and d.Q(e) is defined by (10).
Using the relation (8) and setting Bn= { _1)n+P22(1HP)(n + p )! we find
that the equations (1) and (2) transform into
(34)
(35)
00 B en! r(; )L~+:) (x2/4t)=t-p f(x, t), O<x<y
..-0 v+ +n+p
where t» e> 0, and their solution is given by
~ Bn= r(/-l;~~:!:i~~+1) [[ e-(ez/4C1) L~+:) (~/4e) J{~, e)d.Q(~)(36) -I- ! e-(c2/4C11L~+:) (~/4e) G(~, e) d.Q(~)J
where J(~, e), G(e, e) and d.Q(~) are the same as defined by (32), (30)
and (10) respectively. Notice that the equations (34) and (35) are generali-
zations of the equations considered by Panda [5], in fact her equations
can be deduced simply on taking t = e= 1 in the above equations, but
the two solutions are disjoint. The solutions of dual equations involving
generalized Laguerre polynomials can be obtained independently by the
above procedure.
4. VALUES OF SERIES (1) AND (2)
The quantities of interest in physical applications are the values of the
series (1) and (2) on the intervals where their values are not specified.
Let us suppose that for t>e>O,
(37)
(38)
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00 An t-n en
..~o r(v+!+n+p) Pn+p,v (x, -t)=f/J(x, t), y<x<oo
00 An
..~ r{ft+i+n+p) Pn+p,(J (z, -t)=tp(x, t), O<x<y
(43)
Substit.uting the value of An from (33) in (27), we get
l1J(Xoo't)=r(p+i) [[ J(~, e)P(x,~, t)d.QW(39) + f G(;, e) Pi», ;, t) d.Q(~)]1/
where
(40) P( l: _ I p ~ (elt)'nP n•1J (x, -t) WX, 5", t) - (t e) ..~o r(v +!+n) 2411 n! n,lJ (~, e) - Q(x, ~, t)
and
( Q _ I p fI;;? (eft)" P",1J(x, -t)41) (x,~.t)-(te) n~O F(v+i+n) 24"n! Wn,p(~,e)
it being understood that Q(x, t t) = 0 when p = o.
Now, evaluating the infinite series in (40) by means of (16) and (9),
we have
I 21'-.+1 e-fl-I'-l(42) P(x,~, t)= F(lI-fl)r(v+i)'. tfl - 7+21'+t H(x-~(tl(1)l)x(x2-(&t/a)7-p - l -Q(x, ~,t)
where H(t) denotes Heaviside'e unit function. Therefore, (39) can be
rewritten as
rf>(x t)= r(fl+i) 2r7+1 e-fl-I'-l tfl - 7 +2p+t .
• r(v+!)r(lI-/J)
[i H(x-E(tle)l) x(x2-(&tle)7-P - 1 J(~, e) d.Q(E)
+ ! H(x-E(t/e)f) x(x2-(&tle)7-P - l G(~. e) d.Q($)]
- (fl +!) [I J(~, e)Q(x, ~, t) d.Q(;) + ! G(~, e) Q(x, ~, t)J d.Q(~)
where G(e, e), .F(E. e) and Q(x, Eo t) are the same as defined by (30), (32)
and (41) respectively.
In order to determine the value of 1p(x, t) defined by (38), we apply
(15) to (38), substitute for An from (33), and then interchange the order
of integration and summation and thus obtain
(44)
~ e-(~/ff) tp(x, e) = (- 4e)m r(fl +!) (d~2)m e-cz'l/ff> x
( x {f T(x,~, e) J(;, e) d.Q(;) + 7T(x,;, e) G(;,e) d.Q(;) }
461
where
(45) T( 1:) ~ Pn.o-m (x, -e) w ( ) N I:x, '0, e = ..~o r(,u +! +n) 24n n! n,p. e, e - (x, '0, e)
and
(46) N( I: ) P;;l P n•a- m (x, -e) W (I:z, '0, (2 = ..~o r(,u + ! +n) 2411 n! n,p '0 , (2)
it being understood as before that N(x, E, e) =O for p =O.
Now, evaluating the first sum on the right hand side of (45) by means
of (9) and (20), we get
(47)
G (e ) (1:2 2)p-a+m-lT(x,;,e) = p ,(2 2Ha-m;1-2p 'o--X H(e-x)-N(x,~,(])
G,,(x, e) r(,u-C1+m)
where N(x, ~,e) is the same as defined by (46).
Thus, finally we have
"p(x, 0) e-(zil441 = (-I)m 2l!aH-,.. ea- m El-2p e-(l2/441 r(,u +- !)
~ r(,u-rr +m)
. (d:2)m{[ J(" e)(~- x2),.. - a+m- l dil(~)
(48) +- ! G(~, e)(~_x2)p-a+"'-1 dil(')}
- (-4e)m r(,u +l) (d~)m e-(,.l!/44l {f N(x,~, e) J(~, e) dilm
+- ! N(x, " e) G(~, e) dil(e) }, o<;'X <;'Y,
where J(e, e), G(e, e) and N(x, e, e) are the same as defined by (32),
(30) and (46) respectively.
5. SOLUTION OF DUAL SEQUENOE EQUATIONS
To solve the dual sequence equations (4) and (5) we proceed as follows:
Let c+l=,u. Then using (4) and (25) we can write
(49)
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1
A-iJ" r(n+l) r(,u-l+n-k) 4"--11
(2t)"" t~o r(,u -).) r(n - k + 1) r(k + 1) ( - t/4) ale
= S u(x, - t) x'4' W n,,., (x, t)dx
o
and by (5) and (24) we have
(50) j
21'-. i F(v-p. +k-n) F(p.+i+ n) (-tI4)k-n 2.-0 s,
k-fl F(v-p.) F(k-n +l) F(v +i+k)
00
= J u(x, - t) x'lP Wn.1l (x, t) dx.
o
Now, an application of heat polynomial expansion theorem [3, Theorem
5.1, p. 749] gives the solution of (4) and (5) in the form
N fI
u(x, t)= ! ! (_I)k-n.
fI-O .-0
2A+ . - 2(fI+ k+p) tA+1:-fl-P F(p.-). +n-k)
• F(p.-).) F(p. +i+n) F(n -k+ 1) F(k+ 1) ale P n 'll (z, t)
00 00
+ ! ! (_1)le-n •
fI-N+l J:-fI
2.- 0 - 211 - 21: tk - n F(v-p. +k-n) .
• F(v-p.) F(n + 1) F(k -n+ 1) F(v+i+k) bk Pn ,ll (x, t)
where c+).=p.>v/2.
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